HOMEWORK 6

Due date: Nov 6, Monday of Week 11.

Exercises: 5, 11, 12, page 83-84
Exercises: 5, page 86
Exercises: 2, 10, 11, 12, page 95-96

Given a set X and a positive integer n, recall that the notation X™ denotes the Cartesian product
X X X x -+ x X (n-times) and an element of X™ is of the form (z1,...,z,) with z; € X. Let F
be a field and let W be a vector space over F'. Then W™ has a natural vector space structure: its
addition and scaler multiplication are defined by

(X1, yxn) + (Y1, Un) = (@1 + Y1, T+ Yn);

(X1, ) = (cx1,. .., CTp).
Here the notation := has the following meaning: the right side of this notation is the definition of
the left side, or its left side is defined in terms of the right side. It should be clear that dimp W™ =
ndimp W if dimp W is finite.

Problem 1. Let V,W be vector spaces over F' with dimgpV = n. We don’t assume that W has
finite dimension. Let B = {aq,...,a,} be a fized (ordered) basis of V.

(1) Consider the linear transformation 0g : Homp(V,W) — W™ (the notation 0g means that
this linear transformation depends on B) defined by

GB(T) = (T(Oél),T(OéQ), Ce ,T(Oln)),VT S HOIHF(‘/, W)

Show that 0 is an isomorphism directly (without comparing dimensions).
(2) Conclude that dimp Homp(V, W) = ndimp W if dimp W is also finite.

(Comment: Part (1) is just a restatement of Theorem 1, page 69. A special case of (2) is the
isomorphism Hompg(F™, W) =2 W™. An even more special case is Homp(F, W) = W.)

Problem 2. Let VW be two vector spaces over F and T : V. — W be a linear transformation.
Show that there is isomorphism

T :V/ker(T) — Im(T)
defined by T(a + ker(T)) := T(a).

The proof is given in class. Please repeat it here.

Problem 3. Given Vq,V2, V3 € Vectr and Ty € Homp(V1,Va), Ty € Homp(Va, V3). Show that

(1) ker(Ty) C ker(To o T1);

(2) T (ker(Tg o T1)) C keI‘(Tg).

(3) There is an injective map Ty : ker(Ty o Ty) /ker(Ty) — ker(Ty) defined by Ty(z) = Ty (x) for
x € ker(To0Ty), where T represents the equivalence class of x, namely & = x+ker(T1). (You
need to check that this map is well-defined, linear and injective. You can omit the “linear”
part if you think it is easy.)

(4) Assume that dimp(V;) < oo for i =1,2,3. Show that dimp ker(T5 o Th) < dimp ker(T}) +
dlmF keI‘(Tg).

(5) Given As € Maty,xn(F) and Ay € Mat, «x(F), show that

rank(A;) + rank(As) — n < rank(AsA;) < min {rank(A;),rank(A45)}.

Hint: Consider the linear transformation T : F*¥  F* Ty : F* — F™ defined by T;(X) =
A; X, and use (4).
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(6) Given a matriz A € Maty,xn(F) with rank(F) = r and a positive number p with p < r.
Show that there does mot exist matrices C' € Mat,x,(F) and R € Mat,x,(F') such that
A = CR. Hint: This is a direct corollary of the last part.

Comment: The inequality in (5) is called Sylvester’s rank inequality. Compare (6) with Problem
2 of HW 5. Do this problem step by step. It is not hard at all.

Problem 4. (1) Show that C™ is isomorphic to R®" as an R-vector space. Namely, there exists
an R-linear isomorphism T : C* — R?™.
(2) Given v = (21,...,2,) € C" with z; = a; + bj/—1 € C with aj,b; € R. Compute T'(v) for
the isomorphism T you choose in part (1).

Problem 5. Consider the R-vector space V.= C. Then dimg(V) = 2. Denote ey = —1 + Ti and
ey = 5i, where i =+/—1 € C.
(1) Show that B ={ey,ea} is a basis of V over R.
(2) Let z = x+yi € C with x,y € R. Consider the map f, : V — V defined by f.(t) = zt. Show
that f, is R-linear.
(3) Let T(z) € Mataxao(R) be the matriz of f. with respect to the ordered basis B. Show that

[z +Ty 5Y
T(z) = ( —10y x— 7y> ’
Note that the matrix T'(z) is the one given in Problem 5 of page 86 of the textbook. By Problem
5 of Page 86, the map z — T'(z) is injective, and satisfies T'(z122) = T(21)T(#2). These properties
can be proved without explicit calculation, just using the fact that T'(z) is the matrix of the linear
transformation f,. The next problem is a “higher dimensional” version of Problem 5 of page 86.

Problem 6. Consider the R-vector space V = C?. Then dimg(V) = 4.
(1) Find an ordered basis B of V' over R.
(2) For a matriz A € Matay2(C), consider the map Ty : V — V defined by T4(X) = AX for
X € C?, which is R-linear. Denote R(A) = [Talg, namely R(A) € Matyx4(R) is the matriz
of T with respect to B when V is viewed as a R-vector space. Show that the map A — R(A)
from Matax2(C) to Matyx4(R) satisfies R(A)R(B) = R(AB).
(3) Compute R(I2), where Iy € Matay2(C) is the identity matriz.
(4) Show that if A is invertible, then R(A) invertible.
(5) Let A= (1 i) Compute R(A). (It depends on the ordered basis you chose in part (1)).

The following problem is similar to the above problem in a slightly different situation. Part of
it has been covered in class. You don’t have to submit a solution because it is not a very specific
problem. But you are advised to do it. It is possible that we will have a problem like this in our
next exam.

Problem 7. Denote a = /2. Consider F = {a +ba + ca|a,b,c € Q}, We know that F is a field
and it is also a vector space over Q of dimension 3 from previous HW. We view it as a Q-vector
space.

(1) Given x = a + ba + ca® € F and the linear map T, : F — F given by T,.(y) = xy. It is not
hard to see Ty, is well-defined and Q-linear. Suppose that x # 0. Show that T, is injective
and conclude that there exists a y € F' such that zy = 1.

(2) Fiz an ordered basis B of F (as a Q vector space) and compute the matriz [Ty)p of T, with
respect to the basis you chose.

(3) Show that [T;]p is invertible (this is similar to part (4) of Problem 6.)

(4) Do a higher dimensional analogue of this. For example, given a matriz A € Matayo(F'), and
consider the linear map Ty : F? — F2. View F? as a Q-vector space and choose a basis BB’
of F% over Q. Then compute [Talg € Matexs(Q) explicitly in terms of entries of A. Show
that if A is invertible as an element of Matayo(F) then [Ta]p is invertible as an element of
Matgx6(Q)-



