NOTES ON MULTI-LINEAR ALGEBRA

These notes are on multi-linear algebra, which mainly covers tensor product and exterior product
on vector spaces. These notes were originally written for the course MAS212 of Spring Semester
2022, KAIST. They are used as supplementary materials of the linear algebra course which I taught

using [HIK] as the textbook, for first year or second year undergraduate students. There are many
good books on these topics. For example, see | ] for a complete treatment. Professor Garrett’s
book | ] is also very helpful. The materials in these notes are usually taken from the above

books. Tensor product and exterior product could be defined for modules over rings. Considering
that these notes are mainly for freshman, we only consider these constructions for vector spaces.
Any comments are welcome. Throughout the notes, F' is a fixed field and Vectr denotes all vector
spaces over F'.

1. QUOTIENT SPACE

Definition 1.1. Let V be a vector space over F and W C V be a subspace. The quotient vector
space Q of V by W is a pair (m,Q), where

(1) Q is a vector space over F, and

(2) m:V — Q is linear map satisfying m(w) = 0,Yw € W,
such that for any pair (f, X) with a vector space X over F and linear map f : V — X satisfying
f(w) =0 for all w € W, there is a unique linear map f : Q — X such that

f=Ffom,
namely, the following diagram commutes
\% ul Q
7
Ve
f\A k/ Jf
X

In this definition, we don’t specify what the quotient vector space @) actually is. In contrast, we
impose a condition such that ) must satisfy and this condition uses an arbitrary “external” vector
space X and an arbitrary linear map f : V — X with a condition (namely f(w) = 0,Vw € W).
This kind condition is called a “universal property” and later you will find a lot of objects in math
are defined using certain universal properties. In fact, many properties of the defined object (here,
it is the quotient space) can be derived from this universal property, without knowing what exactly
the space @ is.

In the above, we defined the quotient space of V' by W rather than a quotient space, because it
is unique as explained in the following.

Theorem 1.2 (Uniqueness). The quotient space (Q, ) is unique up to a unique isomorphism.

Proof. Let (Q1,71) and (Q2,m2) be two quotient spaces. Replace (X, f) by (Q2,m2) in the definition
of quotient space, we see that there is a unique linear map f : Q1 — Q2 such that o = f o 7.
Similarly, there is a unique linear map ¢ : Q2 — @1 such that m; = goms. Then we get m, = fogoms.
Since my = Idg, o mp and Idg, is a unique linear map with this property, we get that f o g = Idg,.
Similarly, gof = Idg,. This shows that f and g are isomorphisms, and the uniqueness of f : Q1 — Q2
was shown above. |

Notation: Since the quotient space of V' by W is unique if it exists, we will denote it by V/W.
The linear map 7 : V — V/W is called the quotient map.

Theorem 1.3 (Existence). The quotient space V/W exists.
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Proof. Define equivalence relation on V by a ~ 8 iff &« — 8 € W. Let V/W be the set of equivalence
classes of this equivalence relation. It is easy to define a vector space structure on this set as we did
in class. (|

Remark 1.4. Here is a different way to state the definition of quotient space. Temporarily, for
a vector space X, we denote Hom(V, X; W) the set {f € Homp(V, X)| f(w) =0,Yw € W}. For
any g € Homp(V/W, X), we consider the composition gonw : V. — V/W — X. Then go f €
Hom(V, X; W). The definition of quotient space says that the map

Homp(V/W, X) — Hom(V, X; W)

g —> gom
is bijective for any vector space X (the uniqueness in Definition 1.1 says the map is injective and the
existence in Definition 1.1 says the above map is surjective). This bijection can be used to define

the quotient space (m, V/W). In more abstract language, the definition of quotient spaces says that
the pair (m, V/W) represents the functor Vectp — Sets defined by X — Hom(V, X; W).

Remark 1.5. The following is another way to understand the definition of quotient space using
universal properties. Given a vector space V and a subspace W. We consider the set

QV/W) ={(f, X)|X € Vectp, f € Homp(V,X;W)}.

We can define an order on the set Q(V/W) in the following way. Given two elements (f, X), (¢,Y) €
Q(V/W), we say (f,X) < (g,Y) if there is a linear map h : X — Y such that g = ho f. In this
terminology, the quotient space (w, V/W) is just the minimal element in Q(V/W). Note that the
uniqueness result in Theorem 1.2 says that there is a unique smallest element in Q(V/W).

In the following, we will show several properties of the quotient space using only the universal
property. We avoid using the explicit construction in Theorem 1.3 on purpose. Before that, let us
recall the following basic fact about linear transformation

Theorem 1.6. (1) Let V, X be vector spaces over F' and let dimp V =n. Let {aq,...,an} be
a basis of V.. Then for any n-vectors p1,...,Bn, € X, there exists a unique linear transfor-
mation [ :V — X such that f(a;) = 5.
(2) Let V be a vector space over F and W C 'V be a subspace. If « € V and oo ¢ W, then there
exists a linear map f :V — F such that f(a) =1 and f(w) =0 for allw € W.

Proof. (1) is a basic theorem from the textbook [, Theorem 1 of Chapter 3]. (2) To prove (2), we
need to assume that every vector space (including infinite dimensional) has a basis. Let S1 = {8;},¢;
be a basis of W. Since o ¢ Span(S1), So = S1U{a} is also linearly independent. We then extend Sy
to a basis of V, say Ss = {a, 8;,7v;}. Then we define f: V — F by f(a) =1 and f(8;) = f(v;) =0.
This f satisfies the condition. O

We now will only use the universal property to prove some properties of V/W.
Proposition 1.7. The quotient space V/W is the zero vector space if and only if V. =W.

Note that the proposition is trivial if we know the construction of V/W as in Theorem 1.3. But
it is not clear from the definition of quotient space given by the universal property.

Proof. We first suppose that V' = W and we will show that V/W is the 0 vector space, namely, we
will show that V/V = 0. Let 7 : V' — V/V be the linear map in the definition of the quotient space.
By definition, we have w(v) = 0 for all v € V. Pick f: V — X in the Definition 1.1 as 7 : V — V/V.
We have the following commutative diagram

14 u VvV
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On the other hand, from the fact that 7(v) = 0,Vv € V, we also have the following commutative

diagram
Ve
Ve
P -
P Ov/v

VIV

where Oy is the zero map Oy : V/V — V/V defined by Oy, (a) = 0 for all a € V/V. By the
uniqueness part in the Definition 1.1, we must have idy/y = Oyy. Thus for any a € V/V, we get
a = idy,y (o) = Oyy(a) = 0. Thus V/V = {0}.

Conversely, we show that if V/W is the zero vector space, then W = V. We prove it by contra-
diction. Assume that W # V| we then have an element o € V but « ¢ W. By Theorem 1.6, we can
find a linear map f : V — F such that f(a) = 1 and f(w) = 0 for all w € W. Thus by the Definition
1.1, there is a unique f : V/W — F such that f = f om. By assumption, 7(a) € V/W = {0}, we
get f(a) = f(0) = 0, which contradicts to f(a) = 1. O

Note that, in the above, W and V might be infinite dimensional and we used the fact that any
vector space has a basis.

Lemma 1.8. Suppose that the quotient map 7 : V. — V/W is the zero map, then V/W = 0.

Proof. Suppose that 7 : V/W is the zero map. Then from the commutativity of the diagrams

1% il VW VvV il V/W
e e
e e
\ Jpron \ -
V/W V/W

and the uniqueness of the maps in the Definition 1.1, we can get Oy y = idy . Thus for any
a € V/W, we have a = Idy,w () = Oy/w (o) = 0. Thus V/W = {0}. O

Theorem 1.9. The quotient map w: V — V/W is surjective and ker(m) = W.

Proof. Let X = Im(w) C V/W and consider the quotient map «’ : V/W — (V/W)/X and f =
7om:V = (V/W)/X. For any a € V, we have m(a) € X. Thus f(a) = 7/(7(a)) = 0 since
7' (8) =0 for all 8 € X. This means that f(«) = 0 for all « € V. Thus we have the following two
commutative diagrams

1% u V/IW Vv il V/W

7 7
7 7
r e 7
f i 0 f < 7

(V/w)/x VW) x

we get 7 = 0. Thus by Lemma 1.8, we have (V/W)/X = 0 and thus X = V/W by Proposition 1.7.
This shows that 7 is surjective.

By Definition 1.1, we know that m(w) = 0,Vw € W and thus W C Ker(w). If Ker(w) # W,
we pick an element o € Ker(w) and o ¢ W. By Theorem 1.6 again, we can find a linear map
f:V — F such that f(a) =1, f(w) = 0. Thus by the definition of quotient, there exists a linear
map f : V/W — F such that f = fom. Then f(a) = f(r(a)) = f(0) = 0, since 7(a) = 0 by
assumption. This is a contradiction. O

Theorem 1.10. IfdimV = n,dim W = m, then dim(V/W) =n —m.

Proof. Let m : V. — V/W be the quotient map. Assume that {aq,...,q;,} is a basis of W and
extend it to a basis of V, say {a1,...,Qm,@m41,...,an}. Since w(w) = 0 for all w € W, we have
m(a;) = 0 for all ¢ with 1 <4 < m. We will show that S = {7m(@m+1);.-.,7(an)} is a basis of of
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V/W. By Theorem 1.9, we have Span(S) = V/W. We now show that S is linearly independent.
Assume that
(1.1) > cim(en) =0,¢; € F.

i=m-+1

We consider a vector space X with dimX = n —m and B = {en11,...,€,} is a basis of X.
By Theorem 1.6, there exists a linear map f : V — X such that f(a;) = 0,4 = 1,...,m, and
fla;) = e;,i = m+1,...,n. By the definition of quotient, there is a unique map f : V/W — X
such that f = fon. By (1.1), we have

FOY o) =F( ) em(a)) = f(0)=0.
i=m-+1 i=m-+1
Thus we get
Z Ci€; = 0.
1=m-+1
Since {e;},,,1<i<, is a basis of X, we get ¢; =0 foralli=m+1,...,n. O
2. DIRECT SUM
We recall the following definition from [ITK, §6.6]. Let V be a vector space over F and let
Wi, ..., Wy be subspaces of V. Suppose that V = W; + - - -+ W}, and the subspaces W1,..., W} are
independent, then we call V' a direct sum of W7y,..., Wy and write
V=W & - -&W
Here the condition W7, ..., W} are independent means that if we have oy +-- -+ ay = 0 for a; € W,

we then have a; = 0 for each i. Recall the following
Theorem 2.1. [, Theorem 9, page 212] Suppose V.=W; & --- ® Wy, then there exists k linear
operators E1, ..., E € End(V) such that

(1) B} = Ey;

(3) I=E1+---+ Eg;
Conversely, suppose that there exists k linear operators En, ..., E, € End(V) satisfies (2) and (3)
above, then

V=Wi@® - &W,
with W; = Im(E;).
Direct sum can also be characterized as follows.

Proposition 2.2. Let W;,1 < i < k be subspaces of V. Let v; : W; — W be the linear map defined
by vi(a;) = a. This makes sense because Wy is a subspace of V.

(1) Suppose

V=W eWy®- - oW

Given any vector space X and any linear map f; : W; — X, then there is a unique linear
map f:V — X such that f; = f o; for each i with 1 <1i < k. In other words, there exists
a commutative diagram

W, —4— Vv

N A
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(2) Given any vector space X and any linear map f; : W; — X for all i with 1 <1i < m, suppose
there is a unique linear map f:V — X such that f; = fou; for each i with 1 <i<k. In
other words, there exists a commutative diagram

W, —~ 5V

N A

V=W eW,d- oW

Then

Proof. Part (1) is easy, we only prove part (2). Consider the subspace V' := Wy + -+ + Wy of V.
Let w: V — V/V’ be the projection map. Let f; = w0 ¢;. We consider the following diagrams

W, VoW Vv
fi fi

vV vV

The left side diagram is commutative by definition. The right side integral is commutative because
W; C V' and thus m ot = 0. Thus the uniqueness assumption implies that 7 = 0. Thus V =V’ =
Wi+ -+ Wy.To prove the asswertion, we need to show that Wy, ..., W} are independent.

Next, fix an integer m with 1 <m < k, and we consider the map f/" : W; — W, defined by

fm=idw,,, if i = m; [t =0, if i #m.

Then by assumption, there is a unique linear map E!, : V — W, such that f™ = E/ o; for each
i. We now define E,,, : V — V by E,, = ¢, 0 E],. Then we have

EnoEi=1,0FE, oyoE, =0, if m#i,
since E/, o¢; = 0.0n the other hand, we have
E,,oFE, :LmOE;nOLmOE;n :LmOE;n = F,,

since E!, oty = fi =idyw,,.

Suppose that

a4+ -+ ap =0,
with a,, € W,, for each m. Then we have ¢, () = @, and thus
Ep(am) = Ep o tm(m) = tm 0 Bl 0 Ly =t () = am,
since E!, o t,, = idw,,. Thus the equation a; + - - - + a; = 0 can be written as
El(oq) + -+ Ek(ak) =0.
Apply E,, on both sides, we get that
F2 () = Ep(am) = am =0,

for each m. We can done. O

In fact, it is not hard to see that F; defined in the above proof satisfies the properties in |
Theorem 9, page 212].

The above defined direct sum is called the internal direct sum because W; are chosen to be
subspaces of V. We can drop this condition and use universal property in Proposition 2.2 to define

the external direct sum. Moreover, we can also consider direct sum of infinitely number of vector
spaces.

)

Definition 2.3. Let I be an indez set. Suppose that we are given a vector space W; over F for each
1 € 1. The direct sum of Wy is a pair (®;c1 Wi, (t;)icr), where

(1) ®ierW; is a vector space over F; and

(2) (ti)ier 18 a family of linear maps v; € Homp(W;, @ Ws),
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such that for any other vector space X, and for any other family of linear maps f; € Homp(W;, X)
for each i € I, there is a unique linear map f: ®;etW; = X such that f; = fou; foreachi e I. In
other words, we have the following diagram

Li

SictW;
7
7
i " !
X
Proposition 2.4. Direct sum exists and is unique up to a unique isomorphism.

Proof. The proof of the uniqueness part is the same with the proof in the quotient case and we omit
the details. For the existence part, we give a sketch. It should be easy to fill the details. We first

define
IIw:
iel
As a set [[;c; Wi is the cartesian product of W, namely,

HWi = {(ai)ierla; € Wi},
iel
Its vector space structure is defined by
c.()ier = (cay)ier,c € F,a; € W,
and
(qi)ier + (Bi)ier = (i + Bi)ier, i, Bi € Wi
Then we define

DietW; = {(ai)ig € HW1| there exists a finite set .S C I such thato; =0,Vi € I — S} .

iel

It is not hard to check that @;c;W; is a subspace of [[,.; W;. Moreover, we consider the map
L Wi = @it W;

defined by ¢;(«) is the element in @;c;W; such that its i-th component is a; and its j-th component
is zero for any j € I,j # i. It is not hard to check that (®;erWi, (1;)icr) satisfies the universal

property. ([l
Remark 2.5. The space [[,.; W; defined in the above proof is called the direct product. For each
i, we have linear map

iel

defined by p((as)ier) = a;. The pair (J[;c; Wi, (pi)icr) satisfies the following universal property.
Given any pair (X, (f;)ier), where X is a vector space and f; € Homp(X,W;), then there is a
unique linear map f : X — [[..; W, such that f; =po f.

Wi D Hie[ Wi

7
7
X P
7

X

iel

This diagram is just obtained by reversing arrows in the direct sum commutative diagram. In this
sense, the direct product is the dual object of the direct sum. From the construction, if I is finite,
then direct sum and direct product are the same. But when I is infinite, direct product is larger
than direct sum. Here is another example. As a vector space, we have

Flz] = @ienF,  Fllal] =[] F.
€N
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3. FREE VECTOR SPACE
Let S be any set.

Definition 3.1. The free vector space of S, is a pair (1, F®), where

(1) F¥% is vector space over F, and

(2) ¢:S — FS is a map between two sets,
such that for any other pair (o, X), where X is a vector space X over F and ¢ : S — F% is a
map, there is a unique linear map ® : ¥ — X such that ¢ = ® o 1, namely, the following diagram
commutes:

Remark 3.2. In the above definition, ¢, ¢ are maps between sets and ® : F¥ — X is a linear map
between two vector spaces. As in the quotient space case, the above definition says that there is a
bijective map

Homsets (S, X) — Homvect . (F?, X).

Here Homgets(S, X) denote the set of all maps from S to X (which has no other requirements) and
Homyecet . (F¥, X) denotes the set of all linear maps from F° to X (which are maps that respect the
structure of vector spaces).

Theorem 3.3 (Free vector space). The free vector space exists and is unique.

Proof. The proof of the uniqueness is the same as the quotient space case. The proof of existence is
easy. Take

FS={f:S— F|f~'(F - {0}) is finite} .
For f,ge F®,ce€ F, define cf +g: S — F by

(cf +9)(x) = cf(x) + g(z),Vz € S.
In this way, F° becomes a vector space. The zero element is the zero function. For any a € S,
define A, : S — F by
Aa (y) = 5a,ya
where §,, = 1 if a = y and d,,, = 0 if @ # y. We claim that B = {A, : a € S} is a basis of the
vector space F°. First, for any f € F°, let Supp(f) = {x € S : f(z) # 0}. According the definition,
we have Supp(f) is finite. Say Supp(f) = {x1,...,2,}. Then it is easy to check that

f=f @)y, +... flzn)As,.
This implies that f € Span(B). Next, suppose that we have a linear combination relation
g, + -+ Ay, =0.
Denote f = ¢1Ayz, +- -+ ¢ Ay, . Note that f = 0 means that f is the zero function. Thus f(z) =0
for any x € S. From f(x;) = 0, we get that ¢; = 0. This implies that B is linearly independent.

Thus B is a basis of F'°.
Consider the map ¢ : S — F'° defined by

ta) = A,.

We will show that for any vector space X and any map ¢ : S — X (as a map of sets), there exists
a linear transformation ® : F¥ — X such that ¢ = ® o, namely, p(a) = ®(A,) for all a € S.
Actually, since B is a basis of F¥, for any f € F¥, we can write

f = zn: CiAaia
i=1

with uniquely determined ¢; (in fact, ¢; = f(a;).) We just define ®(f) = >°I | ¢;®(A,,). Thus there
is a unique such ® satisfies ®(A,,) = p(a;). O
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Remark 3.4. Actually, any vector space is free. More precisely, let V' be a vector space and B be a
basis of V. Then there is an isomorphism F8 — V. One can also check that F¥ = @,cgV;, where
each Vj is just F.

4. TENSOR PRODUCT

4.1. Tensor product of two vector spaces.

Definition 4.1. Let V,W, X be vector spaces over F. A map f:V x W — X is called bilinear if
fleata',B) = cf(a, B) + f(c, B),

and

fla,eB+8") = cf(a, B) + fle, B'),
forallce F,a,o € V5,5 € W.

Proposition 4.2. Assume that dimV = n,dim W = m and X is an arbitrary vector space over F.
Let {aq,...,an} be a basis of V and {B1,...,Pm} be a basis of W. For any set

{eye X[1<i<n,1<j<m},
there is a unique bilinear map f:V x W — X such that
flew,Bj) =€, 1 <i<n,1<j<m.
Proof. This is an analogue of Theorem 1.6 and the proof is similar. |

Definition 4.3. Given two vector spaces Vi, Vo over F, the tensor product of Vi with Va is an F
vector space, denoted by Vi @p Va, together with an F-bilinear map 7 : V1 x Vo — V1 ®p Vo such
that for every vector space X over F and for every F-bilinear map ¢ : Vi3 x Vo — X, there exists a
unique linear map (linear transformation) ® : Vi @ Vo — X such that ¢ = ® o 7, namely, we have
the following commutative diagram

Vi x Va Vier Vs

-
-
® PR
A

X

Proposition 4.4. The tensor product, V1 ®@p Vs is unique up to unique isomorphism, if it exists.

Proof. The proof is similar as in the quotient space case, Theorem 1.2. Try to fill the details by
yourself. O

Theorem 4.5. Tensor product exists.

Proof. Let FV1*V2 be the free vector space of the set V; x V. Recall that there is an associated
set map ¢ : Vi x Vo — FVY1XV2 guch that, for any vector space X over F, and for any set map
¢ : Vi x Vo — X, there exists a unique linear map ® : F¥1*V2 — X such that the following diagram
is commutative

Vi x Vq o pVixVa

v
s
-
® s P
~

Let Y C FY1XV2 be the subspace spanned by all elements

tlea+ o', B) —cla, B) —u(d, B)

Ha,eB+p') — cule, B) — (e, B)
forall ¢, € V1,8, € Va,c € F. Let Vi®@p Vo := FV1*V2 /Y and let 7 : FV1*V2 — V; @ V5 be the
quotient map. Let 7 = 7 o ¢, which is a map V; x Vo — V; ®@p Vo. We will check that (Vi @p Va, 7)

satisfies the conditions given in Definition 4.3. We first need to check that 7 is bilinear. Thus for
any o, € V1,8, € Vo, c € F, we need to check that

T(ca+a',B) = cr(a, B) + 7(, B), 7(, B + B) = e7(, B) + 7(a, ).



NOTES ON MULTI-LINEAR ALGEBRA 9

Note that

T(ca+d',B) —cr(a, B) — 7(, B) = 7(1(ca + ', B)) — en(v(a, B)) — 7(e(c, B))
7 (Llca+ ', B) — cla, B) — u(c, B))
0.

Here we used that 7 is linear and t(ca + o', 8) — cu(a, B) — v(e/, B) € Y and thus 7(¢(ca + o/, 8) —
ci(a, B) —1(a’, B)) = 0. This shows the first equation. The second equation can be proved similarly.

Next, we check that (Vi @ Vs, 7) satisfies the universal property. Namely, for any bilinear map
p Vi x Vo — X, we will show that there is a unique linear map ® : V; ®p Vo — X such that
p=dorT.

Vi x Vs, - FYixVa = Vel
e — -
\ Y1 7 _ -
Ve _ -
® e _ - ool
x&-7
We first view ¢ : V1 x V5 — X as a set map. Then by the universal property of free vector space,

there exists a unique linear map ¢ : FV1*v2 — X such that ¢ = (; or. Moreover, since ¢ is bilinear,
we have

o1(t(ca+a, B) —cla, B) — u(d/, B)) = plca+ ', B) — co(a, B) —¢(a’, B) = 0.
Similarly, we have
o1(tla,eB+ 8" —ala,B) — (o, 7)) = 0.
This implies that ¢1(y) = 0 for any y € Y. Now by the universal properties of the quotient space,
we know that there exists a unique linear map ® : V3 ® Vo — X such that ¢; = ® o 7. Thus we get

Por=Pomor=p01=.
The uniqueness of ® also follows from the above proof. |

Notation: In the following, for a € V1, 8 € V5, we will write

a®f:=71(a,B),

and write the map 7: Vi x Vo = V1 ®p Vo as ® : Vi X Vo — Vi ®p V5. Using this new notation, the
basic properties of 7 can be written as

(ca+ad)@B=ca®f+a @0, a®(cf+8)=ca@B+axf.

In particular, we have (ca)® 8 = a® (¢f) for c € F,a € V1,5 € Vo. When the field F' is understood,
we will omit it from the notations and write Vi ® V5 instead of Vi @p V5.

For vector spaces Vq, Va, X, denote Bil(Vi, V2; X) the space of all bilinear maps V; x V5 — X.
Then the universal property of tensor product is equivalent to saying that the map

(4.1) Bil(V, V2; X) — Homp (V] @ Vs, X),
defined by ¢ — @ for ® with ¢ = ® o 7 is a bijection. Compare this with Remark 1.4.

Next, we prove some basic properties of V; ® V5.
Proposition 4.6. We have Vi @ Vo = Span{a® f:a € V1,5 € Va}.

Proof. Let X = Span{a® f:a € Vi, € Vo}, which is a subspace of Vi ® V5. Consider @ =
V1 ®Va/X and let ¢ : V1 ® Vo — @ be the quotient map. Note that for any o € V1, 8 € V5, we have
g(a® p) =0since a® B € X. In other words, we have the following commutative diagram

VixVh—2 Vi@V,
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where 0 : V3 X Vo — @ is the zero bilinear map. On the other hand, we clearly have the following
diagram

VixVe—""  =ViaV

Thus by the uniqueness of the map in the definition of tensor product, we get that the quotient
map q is actually the zero map. This implies that @ = 0 and thus X = V; ® V4, following Theorem
1.9. |

Warning: A typical element in V; ® V5 is of the form

n
> @B ai € W, Bi € Va.
i=1
In general, not every element in V3 ® V5 can be written as a ® 8 for a € V1,5 € V5. Elements in
V1 ® V5 of the form o ® S are called pure tensors.

Theorem 4.7. If dimV; = m,dimV, = n, then dimV; ® Vo = mn. More precisely, if {O‘i}lgigm

s a basis of V1 and {/Bj}1<j<n is a basis of Va, then {a; ® B} ;e l<j<n 18 @ basis of V1 @ V3.

Proof. Denote B = {a; ® ﬁj}lgigm,lgjgn‘ We first show that B spans V7 ® V5. This follows from
Proposition 4.6 directly. Actually any pure tensor a ® § for a € V4,5 € V3 is a linear combination
of {a; ® Bj}lgigm,lgjgn: ifa=> co;, =7 d;jpj, then a® B =" ¢;djo; ® B;. By Proposition
4.6, V1 ® V5 is spanned by all pure tensors, thus it is spanned by B.

Next we show B is linearly independent. Suppose that

(4.2) Z cijo; @ B =0
)

for ¢;; € F. We will show that ¢;; = 0 for all ,j. Consider a vector space X with dimension mn
and basis

{eij :1<i<m,1<j<n}.
We define a bilinear map ¢ : Vi x Vo = X by (o, B;) = e;;. By Proposition 4.2, there is a unique
such map. By the definition of tensor product, there is a unique linear map ® : V3 ® V5 — X such
that ¢(a, ) = ®(a ® B) for any a € V1,8 € Va. Apply @ to (4.2), we then get

0= cy®(i® ;) = Y cijey.
i3

0,J
Since {e;;} are linearly independent in X, we get ¢;; = 0 for all ¢, j. ]

Remark 4.8. In the above proof, we indeed used an external vector space X to detect the properties
of V1 ® Vo, whose internal structure (its dimension in the above example) are not very clear from
its definition. Actually, the universal property of V7 ®p V5 in its definition tells how it interacts
with other vector spaces (external spaces) and it turns out that all of its internal structure can be
determined using this. It is very like the following situation. Suppose that we know there exists a
person, and we don’t know much about her/his internal properties, like her/his appearance/voices
and so on; but we know how she/he interacts with everybody in the whole world, then we should be
able to know everything about her/him. Usually, how does one interact with other people can tell
you more about this person than how she/he looks. Similarly, in mathematical world, if one knows
how one math object (like vector space, topological space, group,...) interacts with any other similar
math objects (the interaction between math objects are just maps between them which respects the
math structures, like linear maps for vector spaces, continuous maps for topological spaces, group
homomorphism for groups,...), we should understand everything about this math object. This is
actually one very important spirit in modern math (in particular in category theory), morphisms
(certain maps, eg. linear transformations, continuous maps, group homomorphism,...) are at least
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as important as (if not more important than) the math objects themselves (eg. vector spaces). A
great example to illustrate this is the famous Grothendieck-Riemann-Roch theorem, see [ ]

Now let Ty : Vi — Wy, Ty : Vo — W be two linear transformations. Consider the map ®o (717, T5») :
Vi x Vo — W1 ® Wy defined by
(’Uh ’Ug) — T1 (1}1) ® TQ(UQ).

Then this map is bilinear. Thus by the universal property of tensor product, we have a linear map
TiRT, : Vi Va — W, @ Wy

such that
Ty @ To(v1 ® v2) = T1(v1) ® Ta(vz),
in other words, we have the following commutative diagram

VixVh—2 Vel

\
(T17T2)i | Th T2
Y
W1 X W2 L W1 & W2
Here the left side map (71, 7%) is the map (71, T%)(v1,v2) = (T1(v1), T2(v2)).

The map 77 ® T5 is called the tensor product of 17 with T5.

Let us try a small example. Consider V; = Vo = Wy = Wy = F? and a map T; € End(F?) is
given by a matrix A; € Matayo(F). What is the matrix of Ty ® To? We fix €; = (1,0)%, 2 = (0,1)%.
Then By = {e1, €2} is a standard basis of V = F2. Let e; = €; @ 1,60 = €1 @ €9,€3 = €2 @ €1
and e4 = e ® e3. Then by Theorem 4.7, B = {e1,e9,€e3,e4} is a basis of V ® V. Assume that

4 fa11 a2 o (b1 b2
[Thi]p, = A= (a21 a22> and [T|p, = B = (b21 622). Then

Tie1 = ar1€1 + ag1€2, T1€2 = a12€1 + azzéa,
Trer = brr€1 + bar€a, Toea = bioer + bages.
Thus we can get
(T1 @ T2) (€1 ® €1) = (a11€1 + az1€2) @ (br1€1 + barez) = arr1birer + arnbares + aarbiies + asibares.
A simple calculation shows that
a1bin @bz ai2bin  ai2bi2
a11bar  a1ibaz  aizbar  a12b22

ao1b11  a21biz  agebii  azabaa
a21ba1  a21baz  azebar  azabaa

(Tl ®T2)[€1,€2,e3764} - [61762763764]

The right hand matrix is usually denoted by A ® B, which can be viewed in block form

a11B algB:|

A®B - [a21B G,QQB

In general, for A € Mat,, xm, B € Mat, xn, we define a matrix A ® B € Mat ., xmn in the same way
by

anB algB ce almB
A ® B— 0121B aggB N anB
amiB  ameB ... ammB

It represents the matrix of a tensor product of two linear operators in some basis.

Exercise 4.9. How does tensor product of two linear operators behave under composition? Namely,
suppose T;, U; : V; = V; are linear operators, and we can compose the U; o T; : V; — V;,. What is the
relationship between (Uy o Th) ® (U o Ty) with, say, (U1 @ Uz) o (Th ® T)?

Exercise 4.10. If T; : V; — V; are invertible, is Ty @ Ty : V1 @ Vo — Vi ® Vo invertible? Given
A € Maty,sxm, B € Maty, xn, what is det(A ® B) in terms of det(A) and det(B)?
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The answer is yes for the first question, which either follows from Problem 4.9 or the second part
of Problem 4.10. The answer for the second part of Problem 4.10 is
det(A ® B) = det(A)" det(B)™.

You can try to figure out a proof on your own, which is not very hard. Also, see this link.
From the above two problems, we know that there is a group homomorphism

GLy(F) x GLy(F) — GLyn(F)

(A,B) - A® B.

(A group homomorphism is a map between groups which preserves product of the groups.) This
indeed give a representation of the group GL,,(F') x GL,(F), which is called the tensor product
representation.

Exercise 4.11. What can you say about Tr(A® B)?

Exercise 4.12. For any vector spaces V1, Vs, show that there is a natural isomorphism V; @ Vo —
Vo ® V1.

Exercise 4.13. Let V1, Vs be finite dimensional vector spaces and let Vi* be the dual space of Vi.
Show that there is a linear map © : Vi*®@Vy — Hom(V1, Va) such that O 5gp € Hom(V1, V2) is defined
by
Ofep(a) = fa)B,
for all f ® B € Vi* ® Va. Show that © is an isomorphism.
This gives another proof that dim(V}* ® V) = dim(V;) dim(V%2).
Exercise 4.14. Given any vector spaces V1, Vo, X over F'. Show that there is a natural isomorphism

Homp (Vi ® Vo, X) — Homp(Vy, Homp(Va, X)).

Actually, both sides can be identified with Bilg(V1, Va; X).
If we combine the above two problems, we get the following

Proposition 4.15. Given two vector spaces Vi, Va/F, we have a natural isomorphism
Ve Vy = (Vi@ Va)" = Homp (Vi @ Vo, F).

Proof. This follows from the above two problems directly. This isomorphism can also be directly
described as follows. Given f € Vi*, g € V5, we consider the map @, : Vi x Vo — F defined by

¢f79(avﬂ) = f(a)g(5>7a € Vla@ € VQ-

Then it is clear that ®¢ 4 is bilinear. Thus by the universal property of tensor product, there is a
unique linear map ¥y, : V3 ® Vo — F such that

Usgla®p) = fla)g(B),a € V1,8 € Va.
Thus we get an element Vs, € Homp (V) ® Va, F) = (Vi ® V5)*. Thus we get a map
ViixVy = (i@ V)"
defined by

(fv g) — \I/ﬁg-
This map is also bilinear, and thus we get a linear map ¥ : V;* ® V' — (V1 ® V4)* defined by

\I’(f ® g) — \I/f,g.

One can check that this map is an isomorphism. Actually, the inverse map of ¥ is easy to describe.
We omit the details. |


https://math.stackexchange.com/questions/1316594/determinant-of-the-kronecker-product-of-two-matrices
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4.2. General tensor product. Given a finite number of vector spaces Vi, Va,...,V,, we can con-
sider the vector space
(M1@V)®Vs)® V...
by tensoring two of them each time. It turns out that no matter how you choose the order to take
tensors, you will get the same (up to unique isomorphism) linear vector space, which will be simply
denoted by
Vi@V - @V,.

IfVy=Vy,=---=1V, =V, we denote the above space by "V or V", It can be characterized
using a universal property of multi-linear maps. You can try to fill the details.
Here is an explanation of the notations from the textbook [, Section 5.6]. In the textbook,

M" (V) denotes the set of multilinear functions on V". In particular, M?(V) = Bil(V,V;F) =
Homp(V ® V, F). Thus M?(V) indeed denotes the dual space of V @ V (in our notation). Sim-
ilarly, M" (V) denotes the dual space of (®"V)*, which is in fact isomorphic to ®"V*. This is a
generalization of Proposition 4.15.

Given f € (V™)*, g € (V#)*, the function f ® g denotes the function on V"+¢ by

f@gla,B) = fla)g(B),feV ,ge V.
In our terminology, this f ® ¢ is in fact an element in Bil(V",V*; F). Since Bil(V",V*; F)
(VT VH* = (V)*® (V*)*, f ® g indeed can be viewed as an element in (V")* ® (V*)*, which
agrees with our notation under some identifications.

5. FIELD EXTENSION

Let K be a field and F' be a subfield of K. Then K is called a field extension of F. Some
examples: F = R K =C; F = Q,F =Q[V2] = {a+b¥2+ Vd:a,b,c€Q}; F = QK = R;
F=QK =Q[vV-1] = {a+b/~1:a,b € Q}. The field extension K/F is called finite if K is a
finite dimensional vector space over F. For example, Q[/2]/Q is a finite field extension, while R/Q
is an infinite extension.

We care about how linear algebra behaves under field extension. For example, in our HW, we
were asked to prove the following: if A, B € Mat, x,(F) are similar over K, then they are also
similar over F'. Let V be a vector space over F. Then we can consider the tensor product V ®p K,
where K is also viewed as a vector space over F. Originally, V ® K is just a vector space over F.
However, the space V ® g K has a natural K-vector space structure: for c € K,a® x € V r K
with a € V,x € K, then define

cla® ) :=a®c.
Try to describe the above map scaler product map K x (V @ K) — V ®p K using the universal
property of tensor product.

Lemma 5.1. Let S be a subset of V' and consider the set 8" ={a®1l,a € S} CV ®p K. Then

(1) if S spans V', then S” spans V @p K ;

(2) if S is linearly independent over F, then S’ is linearly independent over K.
In particular, if S is an F-basis of V', then S’ is a K-basis of V@p K. Thus dimp V = dimg(V ®Fp
K).
Proof. (1) This is easy. A formal proof is similar to the proof of Proposition 2.2. Let W be the
K-subspace of V ®pr K, and consider the map

f=qom: VxK—=>VerK—(VerK)/W,

where the map 7 is the defining map of tensor product and the map ¢ is the quotient map. One then
check that f is bilinear and f = 0o 7. In fact, for any 8 € V and ¢ € K, we can write 8 =) z,¢;
with o; € S,z; € F. Then

flaye) =q( wja;@c) = q()cxjla; @1)) = cjgla; ®1) =0,
since oi; ® 1 € W. Then the uniqueness in the definition of tensor product shows that ¢ = 0, which
implies that V ®p K = W = Span(S’).
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(2) This is similar to the proof of Theorem 4.7. Take a finite number of different vectors
ai,...,a, € 5. Suppose that

Yool =) aj@e =0,
j=1 j

for some ¢; € K. Since {a,...,a,} are linearly independent by assumption, we can extend it to a
basis B of V, say

B = {al,...,an,ﬁiﬁ S 1}7
for some index set I. Consider the vector space K™ over K with standard basis {e1,...,€e,}. Here
we also view K™ as an F-vector space. Consider the F-bilinear map

f:VxK—K"

defined by
fey,¢) = cej, f(Bi,e) =0,Ve € K.
Such a bilinear map exists by Proposition 4.2. Thus by the definition of tensor product, there exists
a unique F-linear map
¢o:Ver K — K",
such that ¢(a ® ¢) = f(a,¢),Ya € V,c € K. In particular, we have ¢(c; ® ¢;) = cje;. Apply ¢ to
the equation Z;’L=1 ¢j(a; ® 1) =0, we then get that

ZCjéj =0.

This implies that ¢; = 0 since €; are linearly independent over K. O
The following lemma is a consequence of the above lemma.

Lemma 5.2. (1) We have F™ @ p K =2 K™ as a vector space over K.
(2) We have Flz] @p K = K|x].
(3) Let d € F[z], we have

(Flz]/dF[z]) ®p K = K(z]/dK]z].
Note here, we don’t require that K/F is finite.
Exercise 5.3. Prove (1) and (2) of Lemma 5.2 directly.

As an example of Lemma 5.2, we have Mat,,xp, (F) @ p K = Mat,, xn (K).

Given a matrix A € Mat,,«,(F'), we can view A as a linear operator Ty : F™ — F™ defined by
Ta(o) = Aa. Let K be a field extension of F. We can also view A as an element of Maty, x, (K)
and thus we get a linear operator T : K™ — K™ defined by T/ () = Aa.

Now suppose that V, W are finite dimensional vector spaces over F and let T : V — W be a
linear operator. We assume that dimg V = n,dimp W = m. After fixing basis of V, W, we have
isomorphisms V 2 F™ W = F™ and thus T can be identified with an element A € Mat,, x, (F). As
discussed above, we should be able to define a linear map 7" from an n-dimensional vector space
over K to an m-dimensional vector space over K, which corresponds to A when we view A as an
element of Mat,, (K ). This can be done as above if we identify V with F and W with F™. But
this process depends on choices of basis of V and W and it is not intrinsic. The isomorphism in
Lemma 5.2 reminds us that we can define T intrinsically as

T=Teldg:VerK —Wer K.

By Lemma 5.2, we have dimg (V ®@p K) = dimpV = n and dimg (W @p K) = dimp W = m. If
we fix a basis B = {«1,...,a,} as a basis of V over F, then Bpr K = {1 ®1,...,a, ®1} is a
basis of V @ K over K. Similarly, if B’ is a basis of W over F, then B’ ® K is a basis of W @ K
over K. In these basis, we can see that the matrix of A = [T']z g is exactly the same as the matrix
A" = [T gek oK. The only difference is: A is viewed as a matrix in Mat,, «, (F) and A’ is viewed
as a matrix in Mat,, . (K). Under the isomorphism Mat,xn(K) = Mat,,«n(F) @ K, the matrix
A’ is just A® 1, where 1 € K is the identity element.
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Now we suppose that m = n. Then we have
(5.1) det(T) = det(T ® Idg), Tr(T) = Te(T ® Idk),

since T' and T'® Idx are represented by the same matrix.

These simple formulae (5.1) could be useful. We give one simple example. Consider the vector
space V = R[z]/(2?+1) over R and the linear map T : V — V defined by T(f) = x f, where f € R|x]
and f denotes its equivalence class. Thus 7" defines an element GLy(R) since dimg R[z]/(z?+1) = 2.
We want to compute det(T"). Of course, this can be simply done by writing down explicitly the matrix
of T after fixing an R basis of V. But we consider the other way. We consider

T'=T®C:VerC—VarC.
We have
VeorC= (R[x]/(x2 + 1)) ®QrC = (C[x]/(x2 +1) 2 Clz]/(z+1) @ Clz]/(x — 7).

Note that the map T” is still induced by multiplication by z and thus C[z]/(z + ¢) and C[z]/(z — 1)
are T’-invariant. But note that dim C[z]|/(z — i) = 1 and the restriction of 77 on C[z]/(x — ©) is just
multiplication by 4. Similarly, the restriction of 7" on Clx]/(x + 4) is just multiplication by —i. In
certain basis, 7" can be represented by the matrix

i
—il-
Thus det(T") = det(T”) = 1. Note that T is not diagonalizable over R.
In the following, we give a generalization of the above example, which is useful in number theory.
Let F' be a subfield of C. Let a € C be an element such that it satisfies an irreducible polynomial
flx)=ap+ax+-+a, 12" ' +2" a; € F.

Let K = F(a) ={g(a) : g € Fla]} = {co + cxa+ -+ + cp_10™ " : ¢; € F} . We can check that the
map

O Flz] - K

defined by ®(g) = g(«) is surjective and its kernel is the ideal fF[x]. Thus we get an isomorphism
K = Flz]/(f).

This construction is indeed parallel to cyclic vector space as we discussed in [, §7.1]. The difference

is that, in the construction of cyclic vector space we don’t require f is irreducible. Consider the
F-linear map T, : K — K defined by T, (z) = az,z € K. When we view K as an n-dimensional
vector space over F, T, defines an element in Mat,, x,,(F). We have defined

Nmg, p(a) = det(Ty) € F

in a homework problem. Note that, after we identity K with F[z]/f, the map T, : K — K can
be identified with the map T, : Flz]/f — F[z]/f, where T,(g) = Zg. One example of the above
construction is when F' = Q and K = Q(«a) with o® = 2. We considered this example many times.
Let £ be another (possibly infinite) extension of F. Then we have

K @p F = Fla]/(f) ®p F = Fla]/(f)-
Note that f € F[z] in general is not irreducible anymore. We can factor f as

f=hf - fx

with irreducible f; € F [z]. By [HI, page 266, Lemma], f; are distinct. Thus by Chinese remainder
theorem, we have

Kop F=Flal/(fi... fo) = [[Fl=]/(£)-
J
Now each factor F[z]/(f;) is a field and we denote it by K;. Then K; is a finite field extension of
F'. Moreover, the space F[z]/(f;) is invariant under the map T, @ K. Thus (5.1), we have

(5.2) Nmp,p(a) = det(Ty) = det(T, @p K) = [ Nmy  z(a).
1<j<k
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Here in the Z’—th fiiCtOI" on the right side, a should be interpreted as the image of @ ® 1 under the
map K ®@p F — Flz]|/(f;)-

The above process and (5.2) could be explained in matrix language in a simple way. Given a
matrix A € Maty,xn(F). It’s determinant det(A) might be hard to compute. But if we view A as
an element in Matnxn(F ) for a field extension F of F, the matrix A is similar to a block diagonal
matrix

Ay
Ay

Ay,
Then we have
det(A) = [ det(A)).

1<j<k
Note that, each det(A;) is just an element in £ but the product [I;det(A;) is in F. In our first
example for R[z]/(z% + 1), the map T is given by the matrix

A= {_1 1} € GLy(R)

in some basis, which is not diagonalizable. But after we view it as an element in GLo(C), it is similar
to the diagonal matrix
i
il

whose determinant is i - (—i) = 1. Try to analyze (5.2) when F = Q, K = Q(«) and F' = R, where
ad =2
The next proposition gives another useful fact about T ®p Id .

Proposition 5.4. Let T : V — W be a linear map over F' and K be a field extension of F. Then
we have Ker(T @p Idg) = Ker(T) @ K.

This is essentially proved in solutions of Ex 12, Section 7.2. Try to figure out a detailed proof on
your own in this language.
6. EXTERIOR POWERS

6.1. Exterior square. Let V, X be two vector spaces over F'. A bilinear map f:V xV — X is
called alternating if f(a,a) =0 for all « € V.

Proposition 6.1. Suppose that f : V x V. — X is alternating, then f(a,B) = —f(8,«) for all
a,BevV.

Proof. Since f is bilinear, we have
0= fla+p,a+p)

= fla,a) + f(a, B) + f(B,2) + f(B,5)

= f(a, ) + f(B, ).
The result follows. |
Proposition 6.2. Suppose that B = {au,...,an} is a basis of V and {e;;}, ;;, € X ben(n—1)/2
elements of X, then there is a unique alternating map f :V xV — X such that

flag, o) =e;5,1<i<j<n.

Proof. Suppose that f: V xV — X is an alternating map. For a =Y ¢;a;, 8 = ) d;f3;, since f is
bilinear, we get

fla, B) = Z cid; f(ai, aj).
2%
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Since f is alternating, we get f(a;, ;) =0,Vi, and f(oj, ;) = —f(ay, ;). Thus we get
(6.1) flaB) = Y (eid; — ejdi) flais ay):

1<i<j<n
Thus f is uniquely determined by the values f(c;,a;),1 <4 < j < n. This proves the uniqueness.
To prove the existence, one need to check the above formula indeed defines an alternating bilinear
function on V' x V. This is straightforward.
Here is another way to write the above formula. Let B* = {f1,..., fn} be the dual basis of 5.
Then define
fla,B) =Y (£(a)f;(B) = fi(@) fi(B))ei;.
1<i<j<n

O

Section 5.7 of the textbook contains more information about the above construction when X = F.
Here we need to use any vector space X, not only F'.

Definition 6.3. Let V be a vector space over F'. The exterior square of V' is a vector space /\2 \%
together with an alternating map 7 : 'V xV — /\2 V', such that for any vector space X over F
and for any alternating map ¢ : V x V. — X, there is a unique linear map (linear transformation)
P : /\2 V — X such that o = ® o7, namely, the following diagram is commutative

VxV—T S A’V

The above definition can be restated in the following way. The alternating map 7 induces a
bijection
(6.2) Homp(/\*V, X) — Alt(V x V, X)

P PorT.
Here Alt(V x V, X) denotes the set of all alternation maps V x V — X.

Theorem 6.4. FExterior square exists and is unique up to a unique isomorphism.

Proof. The uniqueness can be proved in the same way as other cases discussed above. To prove the
existence, we consider the subspace Y C V ® V spanned by a ® a. Denote by /\2 V=VeV/Y
T:V®V — A’V the quotient map. Let 7 =mo® : V x V — A*(V) be the composition of 7 with
the tensor product map ® : V. xV — V ® V. We show that (/\2 V,T) is the exterior square. It is
clear that 7 is bilinear and 7(a, ) = 0. Thus 7 is alternating. We now show that it satisfies the
universal property. The proof is indeed similar with the proof of existence of tensor product. Let
¢ :V xV — X be an alternating map for an arbitrary vector space X. We will show that there is
a unique linear map P : /\2 V — X such that p =P o .

VxV—2  vev— T AXV)

Ve -
Y1 7 _ -
V2 —
X P "%
X<

Since ¢ is bilinear (recall an alternating map is bilinear), there exists a unique map ¢1 : V@V — X
such that ¢ = ¢ 0 ®. Since ¢ is alternating, we get ¢1(a ® o) = ¢1 0 ®(, @) = (o, ) = 0. This
shows that ¢1(y) = 0 for any y € Y. Thus by the universal property of quotient, there exists a

unique map ® : A*(V) = (V@ V)/Y — X such that ¢; = ®or. Thus ¢ = ® o 7. O

Notation: In the future, we will write a A § = 7(o, 8) € /\2(V)7 and write the map 7 as A :
V x V — A*(V). Since 7 is alternating, we have

(6.3) ahNa=0, aANB=-BAa,Va,BeV.
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The notation A is read as wedge and a A 8 is called the wedge product of a with 3, or a wedge .
Theorem 6.5. Suppose that {ai}, <<, is a basis of V, then {a; N o}y, is a basis of AN (V).
In particular, if dimV = n, then dim A\*(V) = sn(n—1).

Proof. The proof is the same as in the tensor product case, see Theorem 4.7. Try to fill the details
on your own. O

Next, we will consider the wedge product of linear maps.

Lemma 6.6. Let T : V — V be a linear map. Then there exists a unique linear map A>T : /\2 V —
N’V such that
(\T)(a A B) = T(a) AT(8),Ya, B € V.
Proof. Consider the map ¢ : V x V — A*(V) defined by
(@, 8) = T(a) NT(B).
Then ¢ is alternating and thus there exists a unique map A27 : A*(V) — A*(V) such that
©=ANToA.

This A2T satisfies the required property. O

Here are some small examples. Suppose that V = F?2 and T : V — V is given by a matrix

A= [Zn 212} Denote the standard basis of V by €1, €3 as usual. Then /\Z(V) has dimension 1
21 Q22

and is spanned by e = €1 A €.
Lemma 6.7. We have A*T(e) = det(A)e.

Proof. This follows from the general theory of determinant. But we can do the explicit calculation
as follows. We have Te; = aj1€1 + ajz€2, T(€2) = ag1€1 + agaez. Thus
A*T(e) = T(e1) AT(e2)

= (a11€1 + a12€2) A (az1€1 + agger)

= a11622€1 N\ €2 + aj2a21€2 A €;

= (ar1az2 — az1a12)e1 A €2

= det(A)e.

O

Next we consider a 3 dimensional case. Let V = F and let T : V — V be given by the matrix
a1 a2 a13
A= |ax a2z as
a31 azz2 as3
Note that dim /\2(V) = 3 and we fix an ordered basis B = {ej, ez, e3} of it, with e; = €3 A €3,e9 =
€3 A €1,€3 = €1 A €9.

Lemma 6.8. Under the ordered basis B, defined above, the linear map A2 : N*(F3) — N*(F?) is
given by the following matriz

22033 — 32023 (23031 — 421033 021432 — 431422

2 A .
A"A = [a3z2a13 — G12G23 (11033 — A13A31 (12031 — G11032
12023 — (13022 13021 — 423411 A11G22 — A12G21
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In particular, we have
2
tr(A°T) = agaa33 — aspazz + a11a33 — a13a31 + 11022 — A12021.

Proof. This follows from a tedious calculation. You can check that each entry (A?A);; is indeed
equals to (—1)"*7 det(A(i|j)), where A(i|4) is the submatrix of A by deleting its i-th row and j-th
column. 0

Exercise 6.9. Ezplain the cross product on R? using exterior square.

One can observe that each entry of A%(A) is a minor of A (determinant of a sub-matrix). This is
indeed a general phenomenon.

Exercise 6.10. How does N*(T) behaves under composition? Is it true that AN*(T o U) = A*(T) o
A2 (U)? Is it true that A%(idy) = idp2(y)? What is det(A2(T)) in terms of det(T)?

Actually, if T is invertible, then A2T is also invertible. Moreover, A? preserves the composition
and thus matrix product. Thus we have a group homomorphism

GL,(F) — GLy(F)
A A(A),
where N = n(n — 1)/2. This is called the exterior square representation of the group GL,,(F).

6.2. exterior powers. Let V' be a vector space over F and r > 2 be a positive integer. Denote
V=V x V.- xV (r times of V). Let X be another vector space over F. A multilinear map
@ : VT — X is called alternating if

(P(ala g, ... 70(7-) = Oa
whenever a; = a; for some ¢ # j.

Definition 6.11. Let V' be a vector space over F. The exterior r-th power of V', is a vector space
N (V), together with an alternating map 7 : V" — A" (V) such that for any vector space X and any
alternating map ¢ : V" — X, there exists a unique linear map ® : \" (V) — X such that p = ®oT;
namely, such that the following diagram is commutative

Vi —— T = A"V
\ %

Ve

@ =
A
X
For aq,...,a, € V, denote
(6.4) al/\ag/\~-~/\ar:T(al,...,a,«)E/\T(V).

Theorem 6.12. The exterior r-th power exists and is unique up to unique isomorphisms.

Proof. The proof is the same as in the exterior square case. ([l

Theorem 6.13. Let V be a vector space of dimension n, then dim \"(V)) = () for r > 2. More
precisely, suppose {aq,...,an} is a basis of V. Let I = {i1,... i} C {1,2,...,n} be a subset with
r elements with i, < --- < i,. We define

ar = o, Nog, N Nay, € /\T(V).
Then the set
{al}zc{1,...,n},|1\:r

is a basis of \" (V). In particular, we have dim \" (V) = 1, which is spanned by a1 Aag A -+ A,
and \"(V) =0 if r > n.
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The proof is similar to the tensor product and exterior square case. Try to fill the details by
yourself.

For B31,...,3- € V, we have an element 81 A B2 A -+ A B, € A"(V). Such an element in \"(V)
is called a pure wedge. A general element in A" (V) is a sum (or linear combination) of pure
wedges. For example, if V = F* with standard basis €, €o, €3,€4, we can consider an element
€1Nes+e3Neq € /\2(V).

In the above, we only defined A" (V) for r > 2, because to define r-linear map, we need r > 2. It
is easy to extend the above to the case when r = 1. Actually, r-linear map when r = 1 just means
linear maps. From this, we can check that A'(V) = V (the alternating condition is empty when
r=1). As a convention, we denote A\°(V) = F. Note that under this convention, we get

dim /\(V) =dim A\ (V),0<r <n=dimV.

In particular, we have an isomorphism
n

A(V)=F.
This isomorphism is not unique. Fix a basis {a1,...,a,} € V, we know that a; Aag A+ A, is a
basis of A" (V). The isomorphism A" (V) = F can be chosen such that a3 A ag A -+ Ay, + 1.

Proposition 6.14. Let r,s > 0 be two integers, the natural alternating map V"% — /\H_S(V)

(Q1y ey Oy Qg 1y ey Q) —> QL Ao A Qg
induces a natural bilinear map
r s r+s
AV < AV) = AWv),
determined by
r s

&menn, e A(V)ne AV).

Proof. For fixed (p41,...,0r15) € V*, the map

r+s

Vi A(V)
defined by
(A1, ) ag Aag A A Qg

is clearly alternating. Thus by the universal property of wedge product, we get a linear map

r r+s

Jariasans /\(V) — /\(V)
such that
Jorinraris (@I A= Nag) =1 Aag A+ A .

Since f is linear, we can check that

far+17---;ar+s (f) =N N Ny, VE € /\(V)
For a fixed ¢ € A\"(V), the multi-linear map

r+s
Ve A(V)
(O‘r+17 ceey ar+8) = far+1,m,ar+s (f) =ENQrp1 A AN Qs

is alternating. By the universal property again, we get a linear map
s r+s
ge: \NV)— \(V)
determined by
ge(arp1 Ao ANpys) =EAN Qg1 A A Qs
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Since the above map is linear, we see that

ge(n) =&AnYne \(V).
It is not hard to see that the map
AT(V) x A3(V) = ATT2(V)

(&) = ge(n) =&Nn
is bilinear. 0O

The element £ A 1 in the above Proposition can be computed using the usual rules of wedge
product. For example, if V = F*, and

2 1
f:el/\62+e3/\64e/\(V),nzel—l-ég,EVZ/\(V),

we have

f/\n:(el/\€2+€3/\€4)/\(61+63)
=€ NeaNep+€e1Nea Neg+e3NegNep+ €3 NegN\es
=€1 Nea Neg+ €3 N eqg Neq.

As a particular case of Proposition 6.14, there is a map A" (V) x A" "(V) = A"(V) = F. We fix
an isomorphism ¢ : A"(V) — F.

Theorem 6.15. For any £ € \""(V), define a map fe € (N"(V))* by fe(n) =t(EAn),n e N (V).
Then fe is well-defined, and the map § — f¢ defines an isomorphism

n—r T

A WV) = (AW

Proof. The map f¢ is the composition of ¢ : A" — F with the map g¢ : A"(V) = A" (V) used in the
Proof of Proposition 6.14. It is well-defined and linear. To show the map £ — f¢ is an isomorphism,
we only need to show it is injective since dim A"~ " (V) = dim(A"(V))*. Suppose that f¢ = 0, which
is equivalent to £ An = 0,Vn € A" "(V), we need to show that £ = 0. We fix a basis {a1,...,a,}
of V' and use the basis {er};c¢ .y 72 Of A" (V), see Theorem 6.13. Write £ = Y, ¢crer. Note
that £ = 0 is equivalent to ¢; = 0 for all I. We proceed by contradiction and assume that ¢y # 0
for one fixed I and hence & # 0. We need to construct one n € A"~ " (V) such that £ An # 0. Let
J=A{1,...,n} — I be the complement of I and we consider e; as defined in Theorem 6.13. Then if
I' # I be a subset of {1,...,n} with [I'| = . Then I’ J # (). Thus ey A ey = 0. Thus we get

ENey=crey Ney #0.
This concludes the proof. O

Theorem 6.16. Given a set of vectors S = {f1,...,0:-} CV. Then S is linearly dependent if and
only if

BinBaA---AB=0e A\(V),
Proof. If 31,..., B, are linearly independent, we can extend it to a basis of V, say,

B={B1,....Br,.-- . Bu}-

Then by Theorem 6.13, 51 A --- A B, # 0. Since the proof of Theorem 6.13 is omitted, here is
a sketch of the proof. Let B* = {f1,..., fr,..., fn} be the dual basis of B. We can construct an
r-linear alternating map ¢ : V" — F such that o(f1,..., 5-) # 0 by an analogue of Proposition 6.2.
In fact, we can define

olag,...,q) = Z Z (—1)Sgn(‘7)f0(i1)(a1) .. fa(ir)(ozr).

1<i1<i2< <, <N oES,
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We can check that ¢ is alternating, and ¢(f1,...,3;) = 1. By the universal property, there exists a
map ® : \"(V) — F such that ® o A = ¢, namely,

(I)(ﬂlAA/BT):@(BlaaﬁT)?éO

Thus 1 A -+ A B # 0.
Conversely, suppose that 1, ..., 3, are linearly dependent. Without loss of generality, we assume

that
r—1
ﬂr = Z cifi.
i=1
Thus
r—1
BiA--ABr=P1 A ABa AD ciBi)
i=1
r—1
= ZCzﬂl N+ A Bro1 A Bi
i=1
=0.
The last expression is zero because 3; appeared twice in each expression. O

Given a linear map T': V — V, we can define a map A"T: A"V — A"V by
(NT)Yar ANag A Na) =T (1) A+ AT (), Vag, ..., € V.
One can check that if T' is invertible then AT is also invertible and A"(T} o Ty) = A™(T1) o A"(T%)
for » < n. Moreover, we denote
(6.5) AN(T) =1dp € Homp(F, F);  AYT)=T.
Suppose that V' = F™ and T is given by a matrix A, we denote by A"(A) the matrix of A"(T") with
respect to a fixed ordered basis. Thus this gives a map
A" Matan(F) — MatNxN(F)

A NTA,
such that A"(AB) = A"(A)A"(B), where N = (7). In particular, for r = n, A"(A) € Maty 1 (F) = F
is a scaler which satisfies

Aag A+ AN Aay, = N (A)ag A=+ A g,

for all ay,...,a,, € V = F7.

Theorem 6.17. We have

(6.6) A"(A) = det(A),
namely, we have
(6.7) Aer NAeg A+ N Ae, = det(A)eg Aea A+ Aep.

Proof. For V.= F" A"(V) is spanned by €; Aea A+ A €,. Thus
Aeg NAeg N+ NAe, = Daegr Nea A N €y,

for some Dy € F. Assume ¢; are column vectors and Ae; is the i-th column A; of A. It is clear
that if A, = A; for i # j, we have D4 = 0. This shows that the function A — D, is alternating.
Moreover, Dy = 1. Thus D4 = det(A) by the uniqueness of determinant function. O

Using this description, it is easy to show many properties of det function. For example,
Theorem 6.18. we have det(AB) = det(A) det(B).
Proof. This follows from A"(AB) = A"(A) o A"(B). O

Exercise 6.19. Let A € Mat, x,(F) be a diagonal matriz. Try to work out the matriz \"(A) after
fizing some basis.
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6.3. characteristic polynomial and exterior power. We prepare two lemmas.

Lemma 6.20. Let V be a finite dimensional vector space over a field F. Let B={e1,...,en} be a
basis of V' and let B* = {f1,..., fn} be the dual basis of B. Given T € End(V'), we have

n

Te(T) = ) (Tes, i),

i=1
where (Te;, f;) denotes f;(Te;).
Proof. Suppose [T']p = {a;;}. Then Tr(T) = Y"1 | a;;. Moreover, we have

n
T€Z: E Aij€j.
Jj=1

Thus fi(Te;) = 375, aij fi(ej) = as. This shows that Tr(T') = 3211, fi(Te;). O
Let V be a finite dimensional vector space over a field F. Let B = {ey,...,e,} be a basis of V.
Let I = {iy,...,i,} be a subset of {1,...,n} with |I| = r. We have defined
e =¢€;,;, N---Ne;, € /\T(V).

Note that B, = {ef| I C {1,...,n},|I| =} is a basis of A"(V') as I runs over all subset of {1,...,r}
with r elements. For such an I, we define f! € (A"(V))* as follows. Let J = {4j1,...,jn_r} be the
complement of I in {1,2,...,n} with j; < --- < j,_,. Then for a € A"(V), we define f/(a) € F by

FH(@) = sgu(or) fales),
where f, is the map in Theorem 6.15, and oy : {1,...,n} — {1,2,...,n} is the bijection o(k) =
i,k <rand o(k) = jr_ if K > r. Denote z =e; A--- Ae, € \"(F) and we fix the isomorphism
t: N"(F) — F by xz + x. Then the definition of f! can be written as

sgn(or)ff(a)z =aAey.
Lemma 6.21. The set {f': 1 C{1,...,n},|I| =r} is the dual basis of B,.
Proof. Let I' C {1,...,n}, we need to show that f{(e;) = d; ;.. Let J be the complement of I in

{1,2,...,n}. ¥ I' # 1, then INI' # () and thus e;s A ey = 0 and thus ff(e;/) = 0. On the other
hand, e; A ey = sgn(oy)z, and thus f!(e;) = 1. O

The next theorem gives a formula of the coefficients of the characteristic polynomial of a matrix
A in terms of exterior power.

Theorem 6.22. For A € Mat,,x,(F'), we have

n
= det(zl,, — A) Z Yetr(AF(A))z" k.
k=0
Proof. For a complete proof of this equation, see | , page 529 and page 540]. Here we give a
sketch of a proof of this formula following [ ], which will demonstrate how the general proof

goes.
Let {€;,1 <1i<n} be the standard basis of ™. Write z = €; A ea A --- A €,, which is a basis
element of A"(F™). From Theorem 6.17, we know that

(6.8) det(xl, — A)z = (I, — A)er A (xl,, — A)ea A+ A (xl,, — A)ey,.

The right hand side of the above formula is a polynomial in x. Its highest term is z"¢; A-- A€, = x
The coefficient of 27! is

(6.9) —(Aer ANea A Nep+eg NAea Ao Nep + -+ e Aeen1 N Aey).

nz.

We claim that the above expression (6.9) is exactly —tr(A4)z. One way to see this is to write A =
(@ij)1<i,j<n explicitly. Then Ae; = ai1€1 + aziea + -+ + ani€,. Then the first term in (6.9) is

(a11€1 + as1ea + - -+ anien) Nea A+ AN ey = ar1 2,
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because €; Aea A--- A...€, = 0if ¢ > 1. Similarly, the general term in (6.9) is exactly a;;z. Thus
(6.9) is —tr(A)z. This works well for the coefficient of #"~! but it is complicate to generalize it to
the computation of coefficients of z™~*. The above computation can be explained using the above
two Lemmas. In fact, {€1,...,€,} is a basis of V = AY(V) and its dual basis {f1,..., f.} can be
characterized using Lemma 6.21. By Lemma 6.20, we have

n

tr(A) = Z<A6iafi>'

=1
By Lemma 6.21, we have
(Aei,fi>z=sgn(ai)Aei/\61 AN N€GaN€Er1 N Neg =€ AN N1 NA AN €1 A Nep.

Thus (6.9) is exactly —tr(4)z.
Next, we check the coefficient of 2”72 in the right hand side of (6.8). This coefficient is of the
form
Z 61/\"'/\61'171/\1467;1 /\6i1+1/\"'/\6i2,1/\A6i2 /\6i2+1/\"'/\6n,
1<i1<ia<n
which can be re-written as
Z sgn(ol)Aeil AN AGZ‘Z Neyg,

I={i1,i2}C{1,2,...,n},1<i1 <ia<n

where J is the complement of I. Since {e;, A €;,} is basis of A2(V) and A%(A)(e;, A€i,) = A€, AAes,,
Lemma 6.20 and Lemma 6.21 show that the coefficient of 272 is exactly tr(A%(4))z.

The proof of the general case is similar after Lemma 6.20 and Lemma 6.21, except that the
notations are more complicate. We omit the details. O

Exercise 6.23. For A € Matsxs(F), check the identity
3
xa(@) = det(ely — A) = 3 tr(AF(A)(~1)k25F,
k=0

using an explicit calculations of A¥(A).
Here is one application of Theorem 6.22 which was originally a homework problem.
Proposition 6.24. Given two matrices A, B € Mat, x,(F), we have
XAB = XBA-
Proof. By Theorem 6.22, we have

n

XaB = Y _(—1)Ftr(AF(AB))z" ",

k=1
We have
AF(AB) = A*(A) A* (B)
Thus
tr(AR(AB)) = tr(AF(A) A¥ (B)) = tr(AF(B) AF (A)) = tr(AF(BA)).
This shows that xap = xBA- O

7. SYMMETRIC POWER

7.1. Symmetric square. Let V, X be two vector spaces over a field F. A bilinear map f: VxV —
X is called symmetric if

f(avﬂ) :f(ﬁva);va,ﬁe V.

Let Sym(V x V; X) be the set of all symmetric bilinear map f: V x V — X. Suppose V has a basis
{a1,...,a,}, then a symmetric bilinear map f: V x V — X is uniquely determined by the values

flag,a;),1 <i<j<n.
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Definition 7.1. Let V' be a vector space over F. Then the symmetric square of V is a pair
(Sym?(V), o), where Sym*(V) is a vector space and o : V x V — Sym*(V) is a symmetric bi-
linear map, such that for any other pair (X, f) with a vector space X and a symmetric bilinear map
f:V xV — X, there is a unique linear map ¢ : Sme(V) — X such that f = ¢oo:

VxV—72 = Sym*(V)

Proposition 7.2. The symmetric square (Sym?(V), o) exists and is unique up to a unique isomor-
phism. Moreover, dimp(Sym*(V)) = n(n +1)/2 if dimp(V) = n. In fact, if B= {o1,...,a,} is a
basis of V, then {o(a;,a;),1 <i < j < n} is a basis of Sym*(V).

The proof is similar to the other situations and we omit it here. We usually write o(«, ) :=
o - € Sym?(V), and omit o from the notations.
Given a linear map T : V. — W of F-vector spaces, we naturally have a map Sym?(7T) :
Sym?(V) — Sym?(W), which satisfies
Sym?*(T)(a - B) = T(a) - T(B).

If T is invertible, then Sym?(7T) is also invertible. In fact, we still have Sym?(T o §) = Sym?(T) o
Sym?(S9).
Let us work out one simple example. Suppose V = F? and T : V — V is given by a matrix

A= {‘c’ Z} .
Namely, Ta = Aa. Let {e1, €2} be the standard basis of V = F? and we take
B={e1=¢€1 €1,ea =¢€1€3,63 =62 €2}
as an ordered basis of Sym?(V). We now compute [Sym?(T")]s. We have
Symz(T)el =Te - Ter = (aeq + cea) - (aer + cea) = a’e; + 2aces + cPes,
Sym?(T)ey = Te; - Tey = (ae; + cez) - (bey + dez) = abey + (be + ad)ey + cdes,
Sym?(T)ey = Tey - Teg = (bey + dea) - (bey + des) = b?eq + (2bd)es + des.

Thus
a® ab b2
[Sym?(T)|s = |2ac be+ad 2bd
c? cd d?
One find that the above calculation of product of two vectors is the same as calculations of polyno-
mials. In fact, one can define polynomials using symmetric powers.

Exercise 7.3. Suppose F' has characteristic zero. For A € Mataxa(F'), show that
1
tr(Sym?(A4)) = g(tr(Az) + (tr(4))?).

Is the same formula true for general A € Mat, x,(F)?

In general, given a matrix A € Mat, x,(F), we can view A as a linear map T4 : F" — F™.
Then we can define Sym?(A) € Matyxn(F) with N = n(n 4 1)/2 = dim Sym?(F™) as the matrix
[Sym?(T'4)]s for some ordered basis B of Sym?(F™). Of course, this depends on the choice of B.

Exercise 7.4. Compute det(Sym?(A)) for A € Matyy2(A). Make a guess for det(Sym?(A)) for
general A € Mat, xn(F).
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7.2. Symmetric power. Let V, X be two vector space over a field F' and let r be a positive
integer. Recall that we have defined the symmetric group S, whose elements are bijections o :
{1,2,...,n} = {1,2,...,n}. A multi-linear map f: V"=V xV x---xV — X is call symmetric if

f(aa(l)vao(Q)v' . aaU(T)) = f(alv' . 'aaT)v
for any aq,...,a, € V and for any o € S,.

Definition 7.5. Let V' be a vector space over F. Then the symmetric r-th power of V is a pair
(Sym"(V), S), where Sym” (V) is a vector space and S : V" — Sym?(V) is a symmetric multi-linear
map, such that for any other pair (X, f) with a vector space X and a symmetric multi-linear map
f: V" = X, there is a unique linear map ¢ : Sym" (V) — X such that f = ¢o S:

Vi—— 5 . Sym"(V)

Proposition 7.6. The symmetric power (Sym"(V),S) exists and is unique up to unique isomor-
phism. Moreover, if B = {aq,...,an} is a basis of V, then

{S(Oéil,Oéi2,... aair)al <ip <ig<--- < Z.r < n}
is a basis of Sym" (V).
Exercise 7.7. If dimV = n, what is dim Sym" (V)¢ Answer: it is (”Jr:*l).

We usually write S(a,...,q.) as a1 - ag -+ -+ - @, and omit S from the notations.

If T:V — W is a linear map, we can construct a linear map Sym"(T) : Sym” (V) — Sym" (W).
One can also check that Sym" (T} o T5) = Sym"(71) o Sym"(T3) and Sym'(idy) = idgymr(v). A
consequence of this is Sym" (T') is invertible if T is also invertible. Given a matrix A € Mat,, xn (F),
we can define Sym” (A) using linear maps after fixing a basis.

By convention, we define Sym* (V) = V and Sym*(T) = T for T € End(V'). Moreover, we define
Sym®(V) = F and Sym®(T") = Idr € Homp(F, F) for T € End(V).

Exercise 7.8. Let A € Matyyo(F), compute Sym®(A) after firing a basis of Sym®(F?). Assume the
characteristic of F is zero. Express tr(Sym®(F)) in terms of tr(A), tr(A?) and tr(A3). See Problem
7.8 for the Sym? case.

7.3. Characteristic polynomial and symmetric power. Recall that we use F[[z]] to denote
the formal power series ring over F. An interesting question is to determine invertible elements of
F[z]], namely, the set F[[z]]* = {f € F[[z]]|3¢ € F[[z]] s.t. fg =1}. The set F[[z]]* is called the
units of F[[z]]. We have seen one nontrivial example: namely (1 — x) € F[[z]]* since

A-—z)l+z+2?+2°+...)=1

In fact, one can show that if the constant term of f € F[[z]] is nonzero, then f € F[[z]]*. We won’t
prove this result but we will give one example in the following.

Theorem 7.9. Suppose the characteristic of F is zero. Given A € Mat, «n(F), then det(I, —zA) €
F[[z]]* and

det(I, —zA)~" =) Tr(Sym"(A))z".

r>0

One can compare this result with Theorem 6.22. We omit the proof of the general case. In the
following remark, we prove the above theorem when n = 2.
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Remark 7.10. Using Theorem 6.22, we have
det(I,, — xA) = det(xl,(z "1, — A))

—_ anA(x—l)
- Z ktl” /\k )) —n+k
k>0
n
= (=D)kr(AR(A))2*.
k=0

Theorem 7.9 is equivalent to the identity

(7.1) (Z(—l)ktr(/\k(A))xk> > Tr(Sym"(A))a" | =1

k=0 r>0

in F|[[z]]. Let us see the example when n = 2. Notice that A'(A) = A and A2(A) = det(A). A
simple simplification shows that (7.1) is equivalent to

1+ Z (det(A)tr(Sym”(A)) — tr(A)tr(Sym ™ (4)) + tr(Sym"T?(A4))) "2 = 1.
r>0
Thus Theorem 7.9 is equivalent to
(7.2) det(A)tr(Sym”(A)) — tr(A)tr(Sym" T (A)) + tr(Sym"T2(A)) = 0,Vr > 0.

To prove (7.2), we can assume that F is algebraically closed, because the trace of a matrix is
independent of the base field (this means, for a field F and an algebraically closed field F' with
F C F, and for a matrix B € Mat,.y,.(F), if we view B as a matrix in Mat,x,(F) which we denote
by Bz, we have tr(B) = tr(Bg).). When F is algebraically closed, A can be triangulable and we

may assume
a ok
asfr i)

We can find a basis such that Sym"(A) is upper triangular and its main diagonal is
diag(a”,a" " *b,a"2b%,... ab" " b").
Thus
tr(Sym" (A Zar pe
Using this formula, it is easy to check (7.2). This glves a proof of Theorem 7.9 when n = 2. One
can also see that Theorem 7.9 is indeed a result on symmetric polynomials.

Exercise 7.11. Prove Theorem 7.9 for n = 3.

8. RELATIONSHIP BETWEEN EXTERIOR/SYMMETRIC POWER AND TENSOR PRODUCT
In this section, we require that V' is a finite dimensional vector space over F.

Lemma 8.1. There is a unique linear map p : @ (V) — A" (V) such that
plar ® - Ra,)=a1 A~ ANap,Vaq,...,a, € V.
Similarly, there is a unique linear map q : @ (V) — Sym" (V') such that

a1 ®---®a,)=ai-ag - -ap,Vai,...,a, € V.
Proof. Consider the natural map V" — A"™(V), (aq,...,ar) = a3 Aag A -+ A a,. This map is
multi-linear by definition. Thus there is a unique linear map p : @ (V') — A"(V') such that
vr Q" (V)

7
-
-
a4
A

A(V)
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This map p satisfies
pla1 ® - Qa,)=a1 A~ ANap,Vag,...,a, € V.
The linear map ¢ can be defined similarly. O

Lemma 8.2. Assume Char(F) = 0. Then there is a unique linear map i : A"(V) = @"(V) such
that

. 1
il A ANay) = ] Z sgn(0) g1y @+ @ Ag(yr)-
‘T oEeS,
Similarly, there is a unique linear map ¢ : Sym" (V) — ®" (V) such that

1
L(a1 NP RERRE ar) = F Z Qg (1) R ® Qg (r)-

oeS,
Proof. We consider the map f: V" — ®"(V) defined by
1
flag,...,ap) = ] Z sgn (o)1) ® - @ Ap(y)-
: o€eS,

Then f is multi-linear and alternating. Thus there is a unique map 7 : A"(V) — ®"(V) such that
the following diagram

v A AT (V)
\ e
e
f Lo i
®"(V)
is commutative. This linear map i satisfying the required property. The linear map ¢ is defined
similarly. 0

Remark 8.3. The requirement Char(F) = 0 is to ensure the factor % is well-defined in F.

Lemma 8.4. Assume Char(F) = 0. Let p,q,i,¢ be the maps defined in the above two Lemmas.
Then we have
P 0f = id/\r(v), and qotlL= idSymT(V)-

In particular, i and v are injective and p,q are surjective.

Proof. This follows from a direct computation. Given ay,...,a, € V, we have

. 1
poi(far A~ Aay) =p <r' Z sgn(0)ay1) ® - @ ag(r)>

" oeSs,

1
= .l E sgn(o)aa(l) Ao Qg (r)
o€S,

1
= - g ar N ANay
r
g€S,

=1 A A Q.
This shows that p o4 = idr(y). In the above, we used the fact
QA1) A v o Qu(ry = 8gN(0) a1 A== Ay,
The identity q o ¢ = idgym,r (1) can be checked similarly. O

Assume Char(F) = 0. From Lemma 8.4, we see that A"(V') can be viewed as a quotient space of
®" (V) via the map p, (since A"(V') is isomorphic to @ (V) /Ker(p)) and it can also be viewed as a
subspace of @V via the map ¢ (since A"(V') is isomorphic to ¢(A"(V')) which is subspace of @"(V)).
Similarly, Sym" (V') can also be viewed as a subspace and a quotient of ®” (V). In the following, we
will view A"(V) and Sym" (V') as a subspace of ®" (V) and won’t distinguish A"(V') and its image
i(A"(V)) in ® (V). In many books (for example, [, section 5.7]), exterior (resp. symmetric)
product are just defined as the image of ¢ (resp. ¢).
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Lemma 8.5. We have
VeV =A{V)aeSym?*(V).

Proof. Consider the bilinear map V? — V ® V defined by (o, ) — 8 ® a. Using the universal
property of tensor product, we get a linear map 7: V@V — V ® V such that 7(a® 8) = f ® « for
all @, 3 € V. We consider the linear map 72 = 7o 7. We have 7?(a® ) = 7(B® a) = a ® . Thus
72 = idygy. Thus the minimal polynomial p, of 7 satisfies
el (@2 = 1),
Thus 7 is diagonalizable and the only possible eigenvalues of 7 are +1. So we get
VeV= KGI‘(T — idv®v) (5) KeI‘(T + idv®v).

We claim that Ker(r — idygy) = Sym*(V) and Ker(r + idygy) = A%(V), and this will give the
desired result. For an element

1

i(ahp)=5(a®B—Boa)ei(A(V)),
we have 1
T(i(aAB)) = (-a@B+F®a)=—i(anp).

Thus A%(V) C Ker(7 + idy gy ). Conversely, we consider a general element

Z cray @ B € Ker(r + idygy).
We have

chak ® Pk =— chﬂk ® a.
We now consider v = Y cxay A Br € A2(V). We have

i(y) = ch%(ak ® Br — Br ® ag)
= %chak@)ﬁk— %ch/@k@)ak

= Z crag @ L.

This shows that Y crag ® B € A2(V). Thus Ker(7 +idygy) C A?(V) and hence Ker(7 +idygy) =
A2(V). Tt is similar to show Ker(7 — idygy) = Sym*(V). O

Remark 8.6. An alternating but actually easier proof of the above lemma is: one first show that
A2(V) N Sym?(V) = {0}, and then the dimension counting will give us the above decomposition.

Decompositions of ®" (V) = V" for r > 3 is much harder.

Exercise 8.7. Show that Sym®(V) N A3(V) = {0} and thus Sym®(V) @ A3(V) can be viewed as a
subspace of @*(V) = V@V @ V. Show that @*(V) is in general larger than Sym®(V) @ A3(V).
What is missing in the decomposition V@V @V = Sym*(V) @ A3(V) @ (something) ? Try to figure
this “something” out when dimV = 2, 3.

REFERENCES

[Bou98] Nicolas Bourbaki, Algebra I. Chapters 1-3, Elements of Mathematics (Berlin), Springer-Verlag, Berlin, 1998.
Translated from the French, Reprint of the 1989 English translation | MR0979982 (90d:00002)]. 11, 23
[Gar08] Paul B. Garrett, Abstract algebra, Chapman & Hall/CRC, Boca Raton, FL, 2008. 11
[HK] Kenneth Hoffman and Ray Kunze, Linear Algebra. Second edition. 11, 2, 4, 5, 13, 15, 28
[Jac04] Allyn Jackson, Comme appelé du néant—as if summoned from the void: the life of Alexandre Grothendieck,
Notices Amer. Math. Soc. 51 (2004). link. 111

SCHOOL OF MATHEMATICS AND STATISTICS, HUAZHONG UNIVERSITY OF SCIENCE AND TECHNOLOGY, WUHAN,
430074, CHINA
Email address: qingzh@hust.edu.cn


https://www.ams.org/notices/200409/fea-grothendieck-part1.pdf

	1. Quotient space
	2. Direct sum
	3. Free vector space
	4. tensor product
	4.1. Tensor product of two vector spaces
	4.2. General tensor product

	5. Field extension
	6. Exterior powers
	6.1. Exterior square
	6.2. exterior powers
	6.3. characteristic polynomial and exterior power

	7. Symmetric Power
	7.1. Symmetric square
	7.2. Symmetric power
	7.3. Characteristic polynomial and symmetric power

	8. Relationship between exterior/symmetric power and tensor product
	References

