HOMEWORK 8

Due date: Tuesday of Week 9
Exercises: 3.2, 3.3, 3.4, 3.6, 3.9, 3.10, 4.1, 4.2, 7.3, 7.4, 7.5, 7.8, 7.10 Pages 472-474, Artin’s book.

Here is a reminder of the following important result.

Theorem 0.1 (Hoffman-Kunze, page 266). Let F' be a field of characteristic zero. Given a noncon-
stant polynomial f € Flx]. TFAE

(1) f is a product of distinct irreducible polynomials;
(2) ged(f. f')=1;
(3) f has no repeated roots in any field extension K/F.
Problem 1. Let K/F be a field extension. Given f,g € Flz] C K[x] with f # 0. Show that

(1) Division with remainder of g by f in Flx| is the same as that in K[z]. More precisely, if
9 = fao +ro and g = fq+r with qo,70 € Flz], ¢,7 € K[z] and deg(ro) < deg(f) and
deg(r) < deg(f), show that gqo = q and ro = r;

2) flg in K[z] iff flg in Flz];

3) gedr(f,g) = gedk (. 9);

4) If f,g have a common root in K then gedpr(f,g) # 1;

5) if gedr(f,g) # 1, then there exists a field extension L/F such that f,g have a common root
mn L;

(6) If f is irreducible and f,g have a common root in K, then f|g.

This is Proposition 15.6.4.

1. TRACE, NORM AND MINIMAL POLYNOMIAL

Let K/F be a finite field extension. We view K as a finite dimensional vector space over F. For
a € K, consider the linear map T, : K — K defined by T,,(z) = ax. Then T, is F-linear and thus
it determines a matrix in Mat, x,(F). Here n = dimp K. We can consider the trace, determinant,
minimal polynomial, characteristic polynomial of T,.

Definition 1. For o € K, we define
’I‘TK/F(Oé) = TI(TQ),
and
NmK/F(a) = det(Ta)

The element Trg,p(o) € F is called the trace of a and Nmg, p(a) € a is called the norm of «
(with respect to the field extension K/F).

Problem 2. Givence F,a,8 € K.
(1) Show that Trg p(ca + ) = cTrg p(a) + Trg/p(B).
(2) Show that Nmg, p(af) = Nmg, p(a)Nmg,p(8) and Nmg,p(ca) = ¢"Nmg p(a).
(3) Show that Nmg, p(a) = 0 iff a = 0.

Problem 3. (1) For a =a+by—1¢€ C with a,b € R. Compute Trc/r(cr) and Nmc /p(a).
(2) Consider o = V/2 and the field K = Q(a) = {a+ ba + ca® : a,b,c € Q}. For x =a+ ba +
ca? with a,b,c € Q. Compute Try g(z) and Nm g g(c).

The second part was essentially an exam problem last year.
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Problem 4. Given oo € K. Show that the minimal polynomial pr, of Ty is exactly the minimal
polynomial (or minimal irreducible polynomial) of o defined in class, or in Proposition 15.2.3, page
448 of Artin’s book.

Problem 5. Given a € K. Let xr, = det(zl, — Ty) be the characteristic polynomial of o and pi,
be the minimal irreducible polynomial of c.
(1) Show that deg piq|n;
(2) Show that yr, = pi/ °8He).
(3) Assume that x7, = " + cp_12™" "L + - + 1w + ¢o with ¢; € F. Find Trg/r(a) and
Nmg,/p(a) in terms of c;.
(4) Assume jiq = ™ + dp_12™ 4+ -+ diz +do with d; € F. Find Trg/p(o) and Nmg g ()
in terms of d;.
(5) Show that Nmg,/p (o) = (Nmp (), p () EF @O and Trg p(e) = [K : F(@)]Trp(a),r(c).
(6) If Nmpoy r(a) = 1. Show that Nmg p(a) = 1.
(7) If Trpja)r(a) = 0. Show that Trp(c) = 0.

Hint for (2): Use cyclic decomposition.

Problem 6. Let p1,ps,...,p, are distinct prime integers. Show that the set

(VP VP2, V/Pu}

is linearly independent over Q.

This is roughly a problem from Yau College students Math contest, algebra and number theory,
2021, which you can download here. You can also find solutions there. But you are supposed to
give a solution based on Trace and Norm you learned from the above problems. The following is a
generalization of the above problem but the proof is similar.

Problem 7. Let mq,...,my be nonzero distinct integers and n > 2 be a positive integer such that
for any two distinct m;, m;, the polynomial ™ — m;/m; € Q[z] is irreducible. Show that the set

{ Vmi, A/ma, ..., \"/mk}
is linearly independent over Q.

Check that this problem is indeed a generalization of the above one, namely, check that if py, ..., px
are distinct primes, then for any two distinct p;, pj, the polynomial 2% — p; /p; € Q[z] is irreducible.
Actually, for any n > 2, the polynomial 2™ —p; /p; € Q[x] is irreducible. Thus { /p1, /D2, - - -, /Dk }
is linearly independent over Q.

2. MOBIUS INVERSION FORMULA

The following problems are preparations for Ex.7.14, page 474. Consider theset A = {f : Z~¢ — C},
the set of all functions from Z~( (the set of positive integers) to C. A function f € A is called multi-
plicative if f(mn) = f(m)f(n) for any m,n € Zso with (m,n) = 1. For f,g € A, we define fxg € A
by

fxg(n) =Y f(d)g(n/d).
d|

This is called the Dirichlet product of f with g. Consider the function I : Z~y — C defined by
Il)=1and I(n)=0ifn > 1.

Problem 8. (1) Show that fxg=gx* f and (f*xg)*h= fx*(g=h) for any f,g,h € A.
(2) Show that fxI=1xf=f for any f € A.
(3) Given f € A such that f(1) # 0. Show that there is a unique function g € A such that
fxg=gxf=1. Find g explicitly. Denote this g by f~ L.

Consider the following function p € A defined as follows. Suppose n = p]*...p* is the prime
decomposition of n, then define p(n) = 0 if one of a; > 1. If a; = -+ = a; = 1, define u(n) = (—1)*.
This function p is called the Mébius function. Moreover, define (1) = 1. Since p(1) # 0, by the
above problem, g has an inverse. It should not be hard to compute it, which is given in the next
problem anyway. Define u : Z~o — C by u(n) = 1 for any n.


http://yau-contest.com/lists-jxxg.html
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Problem 9. Show that pxu=uxpu=1.
Using the above problem show that

Problem 10 (M&bius inversion). Given f,g € A. Show that f(n) = 3_,, 9(d),¥n > 0 iff g(n) =
2dpn F(d)pu(n/d),¥n > 0.

All of the above problems are easy. But if it is necessary, the solutions of these problems are
given in Section 2 of the book “A classical introduction to modern number theory”.

Problem 11. Let p be a prime and let ¢ = p" for some integer r > 1. Let M, (q) be the number of
monic wrreducible polynomials in F4[x] of degree n. Show that

> dMa(a) = 4"
dl

Moreover, show that M, (q) = %Zdln w(d)g™' ¢ using Mébius inversion formula.

Hint: This is an application of Theorem 15.7.3, (b). More precisely, Theorem 15.7.3, (b) says
that
P —x= H(all monic irreducible polynomials of degree d in F,[]).
dln
A similar equation is true if one replace p by g.

The following is a bonus. For f € F,[z], define |f| = [Fy[z]/(f)| = ¢?8Y). Given a positive
integer m, let
mg(m) = #{g € F,4[z] : g monic irreducible, and |g| < m}.
Here # denotes the number of elements of a finite set.

Problem 12. Show that
i —ram)
m—»o0 m/ logq (m)

If you find the analysis involved here is hard, you don’t have to do this problem.

Comment: The above is an a prime number theorem for the ring F,[z]. The prime number
theorem for the ring Z is as follows. Let m(m) be the number of all positive prime integers less than
m. Then one has

. m(m)
"}gnoo m/In(m) L

But its proof is much harder.
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